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ABSTRACT

It is well known that all types of differential equations have wide range of applications in many areas. there is special type for differential
equations that play important different theories of mechanical and electrical systems such by renaming the variables, this analogy has an
important application the second order nonlinear differential equations with variables coefficients is of special interest, in this work we consider
and give some sufficient conditions for oscillation of solutions of some types of neutral delay differential equations. and we made connection
between oscillations and bondedness of the solution of the first order neutral delay differential equation of this form:

(x(t) + a(Ox(t — 1) + pOF(x(t — 0)) + q(O)g(x(t - p)) = 0
Where we will prove any oscillation solution of a differential equation is always bounded and the converse is not true. And we use MATLAB

software to solve examples on the previous equation.
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section1: Introduction.

The delay equation is a differential equation in which the unknown function appears with delay.
A neutral delay differential equation (NDDE) is a differential equation in which the higher order derivative of the unknown function appears in
the equation both with and without delays.
Example (1.1): The equation x(®) +px(t—1D) +agx(t—0) =0 t=t,
where T, q € (0,),6 € [0,0) and p € R — {0}
is an example of first order neutral delay
Apoint U= Lois called a zero of the solution X(£) if X(to) = 0
The equation is called oscillatory if it has arbitrarily large zeros and called non-oscillatory if it is eventually positive or eventually negative.
The equation is oscillatory if every solution is oscillatory
Example (1.2): Consider the equation:

y(O) + %Y(t) - %y(t —m) =0 fort=0
whose solution y(t)=1 — SIN t has an infinite sequence of multiple zeros.
This solution has an oscillatory property.
Example (1.3): Consider the equation:

(O —y(= =0

This equation has an oscillatory solution Y1 = SNt and a non-oscillatory solution ¥2 = € + €7 Thenitis called non- oscillatory.

Section2: Oscillation of natural delay differential equation.

In this section we shall study the oscillatory behavior of all solutions of neutral delay differential equations with variable coefficient and we shall
establish and prove some results.
Theorem (2.7):[14] Consider the NDDE
x(@®)+px(t—1) —q®)x(t+0)=0,t = tg..... (2.1)
Where pTand @ € (0, 9) andq )€ ClLto. 2. R* Tis periodic with period T or non-decreasing function on [to, )

and satisfies the condition.

L@im inf ftt_a q(s)ds > 22 22

e

Then every solution of the equation (2.1) oscillates.

Example (2.2):[14] Consider the NDDE
. Vs
(x(®) +x(t—1)) —x(t +§) =0,7T €(0,00),t =0
We note that
T
p=11€ (0,0),0 = o) and q(t) = 1.

Then we have
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1. p,Tand0 € (0, 00)
2. q(t) € c[[ty, ), ]R+] is periodic with period T or non-decreasing on [t, ©) and
fiminf [z a(e)ds = fim inf =5 >
It follows from Theorem (2.1) that every solution of the given equation is oscillatory. Hence the given equation is oscillatory.
Theorem (2.3):[10] Consider the NDDE (2.1) were
1. p,tando € (0, 0).
2. q(t) € C[[to, 00), R+] and satisfies the condition.

.. t q(s) 1
lim inf ft_(o_r) TS Feer— ~ (23)

Then every solution of the equation (2.1) oscillates.
Example (2.4):[10] Consider the NDDE

(x(t) +%x(t—1:)j—3x(t+ 2)=0,Te(0,®), t=0

1
=—,T€(0,00), d =2, t) = 3.
We note that p 2 Te( ).and o a(®

then we have

(1) pTand @ € (0,)
2) qy= 3 € Cl10, ). R¥]
and
t t
N q®(s) o 9
tlLrg inf Li(l—ir) als) + pats — ds = éﬂg inf lJ; . % ds

t
= 2 lim inf J.ds

t—oo
t—2
1
=4 ==
e

It follows from Theorem (2.3) that every solution of the given equation is oscillatory. Hence the given equation is oscillatory.

Theorem (2.5):[10] Consider the NDDE

(@) +px(t—1)—Ox(t—=0)=0, t >ty o (2.4)
Where
(1) p,TandJ € (0, ) and 0 > T
(2) q®€ C[[to, =), R* |;g non-increasing on [t()r oo)and satisfies that
. . t l-l-_p
girg inf ft_(a_r) q(s + )ds > — ... (2.5)

Then every solution of the equation (2.4) oscillates. Hence the NDDE (2.4) is oscillatory.

Example (2.6):[10] Consider the NDDE

(x(t) +%x(t— 1)) — 3x(t—2) = 0, t=0
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We note that

1
P=§,T=1, o= 2,and q(t) = 3.

Then we have

(1) p,TandG € (O’OO) withG > T
(2) q(t)e C[[O' ©0), R+] is non- decreasing on [tg, ©0)
and
t t 4
él_)rglomf f q(s+r)ds=3él)rglnf f ds=3>§ ,
t+r—o t+1—2

It follows from Theorem (2.5) that every solution of the given equation is oscillatory. Hence the given equation is oscillatory.

Theorem (2.7):[10] Consider the NDDE (2.4) where

(1) p,TandJ € (0, OO) and 0 > T
+
(2) q(t)E C[[to‘ DO)’ R ] is periodic with period T and satisfies that
t
1+
‘!im inf f q(s)ds > Tp
t—o+T

Then every solution of the equation (2.4) oscillates. And the equation (2.4) is oscillatory.

Section 3: The relation between boundedness and oscillatory of first Order Neutral Delay differential equation.

In this section we will try to find a way to make connection between the concept of boundedness and the oscillatory of the solution of the first
Order Neutral Delay differential equations of this form
(x(t) + a(®)x(t — 7)) + pOF(x(t — @) + () g(x(t — B)) = 0, = to....31)
WhereT = 0,00 > 0,3 > 0,a,p,q € C([tg,o0), Ry and f,q € C(tg, ), R)
Theorem (3.7): Any oscillation solution of a differential equation is always bounded, and the converse is not true.
Proof:Suppose that X(8) s oscillatory, then it means that has infinite number of Zeros, which that means the solution is alternating through the
X-axis,
hence X(t) ishoundedi.e, X(t) =M M > 0.and the convers is not true
because
Y1 = Sinx
Y, = COSX

are solutionsof ¥ 7 ¥ = 0 ontheinterval 0 < x < 1 which are bounded not oscillatory. we see from example the equation is

bounded butitis not oscillatory.
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we assume that R and R denote the sets of all real numbers and nonnegative numbers, respectively, Y =t - max {T, &, [3},
C([]/, +00), ]R) denotes the Banach space of all continuous and bounded functions on [, +®) with norm

IX]| = supisy X (&) | forallx € C([y, +), R),

AN, M) ={x € C([y,+),R:N < (t) < M,t =y}
where M, N € IR with M>N.

Theorem (3.2): [12] Assume that there exist constants M, N < @gand D satisfying

7. max{|f(w) = f(W)|.lg(w) —gW)|} < Dlu —v|,u,v € [N,M].
2. zft:wmax{lp(s)l,Iq(s)l}ds < +00.
3. 0<a(t)<ay<1t=t,

4 0<N<(1-ay)M.

Then equation (3.1) has a bounded non-oscillatory solution in A(M, N)

Example (3.1): Consider the first order neutral delay neutral delay differential equation:

d 2t3 (t —sin(t?In(1+ t2)))x2(t—-1) (@2 —t*—4tDHx3(t - 1)
ORI Gl 1+1t8 (14 t4)?
=0,t=>1

where T is a positive constant. Let to = 1,00 = 1, B =3,
Yy =1-—max{1,3,}
M=4N=1ay=1:,D =48 and
2¢3 (t — sin(t?in(1 + t2))) (2 — 3t* — 4t>
Trec PO= 1+¢8 4 =y
fw) =u? gw) =ud, (t,u) € [ty, +) X R

1-We choose M = 4, N = 13pdu = 2,V = 3 pecause they satisfying the conditions of theorem (3.1), and hence we have from the

a(t) =

same theorem that

max{|f(w) — f(W)|,lg(w) — g}
= max{|4—9|,|8 — 27|}
= mx{|-5|,|—19]}

= max{5,19}
=19 < 48|3 — 2|
19 < 48
+0 s—sin(s?in(1+s?)))| [(2—-3s*—4s%)
- f1 max{ 1+s8 |’ (14s%)? Jds < oo

MATLAB software is used to solve the previous equation

(5]



wAlailldlaoe

b;iajallat Al-Tafani

clear all
clo
fun= [@(t) abs{(t-sini(t.*2).%{log{l+c.*2)))) ./ (1+c.*8) )+ ahs(((2-

Rl R Y I A N I I I I A S I - A

o = integral (fun,1,inf):;

g= 1.7738;
3- 0<a(t)<ap<1,t=>1
2t3 1
~<lict
1+8t 4
4£0<1<()40<1<3
Then the equation has a bounded non-oscillatory solution.
Theorem (3.3): [12] Assume that there exist constants M, N < agandD satisfying
7. max{|f(w) — fW)|,lgw) —gW)|} < Dlu—v|,u,v €[N, M].
+00
2. fto max{|p(s)],|q(s)|}ds < +oo.
3 la@®)| < ap t =ty
1
4. O<N<(1_2a0)M,ao<;
Then equation (3.1) has a bounded non-oscillatory solution in A(N, M).
Example (3.2):
Consider the first order neutral delay neutral delay differential equation:
d o + t3cost® -+ (t —cosx®>(t—3) (t*> —t+ 1)sin3(x%(t — 4))
—|X X\t—7T —
dt 1+ 8t3 1+ t3(In(1 + t?)) 1+t5(1+t?)
=0, t=2
where T is a positive constant. Letto =2, =3, =4,
M=9,N=2 a;=7, D=30and
t3cost® (1+1) (t2—t+1)

O=T3e PO ema+r oy 'O 11 oa+ 0

f @) = cos®>(u?), g(u) = sin3(u?), (t,u) € [ty, +°) X R
1-We choose M = 9, N = 23nd U= 3,V =15 pecause they satisfying the conditions of theorem (3.1), and hence we have from the

same theorem that
max{|cos®(9) — cos>(25)|, |sin3(9) — sin3(25)|}
= max{|0.328|,|—0.071[}
= 0.257 < 30|3 — 5| < 30|-2| <60
19 < 48
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(s%—s+1)
1+s5(1+52)

+ o0 1+s
Z'Jb {|1+s3(ln(1+52))

}ds < @

)

MATLAB software is used again to solve the previous equation

clear all
cle

fun=@ (tjabs{ (1+t) ./ (1+(t.”3) . *log(l+t.2) ) j+abs((t.*Zt+1) ./ (1+(C.*5] .

L - I
g = integral (fun,S; inf);

g = 0.0476;

3- 0< N < (1-2a,)M

Hla@®)| <a, t=2

Then the equation has a bounded non-oscillatory solution.

<1<1
=353

2
0<2(1-3)9

0< 29
3

0<2<3

t3cos(t>)
1+ 3t3

1
3
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